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Introduction 2/7

Polynomial congruential generator

(PCG) over the ring R is a machine with the states sequence {x;},
i=0,1,.... The elements x; are defined by conditions:

xiy1 = f(x;),

where xp € R, and f(x) € R[x].

Let R be Galois ring of cardinality " and characteristic p”,
R = GR(q",p"), g = p™. There is an isomorphism
R =2 Zpn[x]/f(x), deg(f) = m, f — Galois Polynom.

There is no full cycle polynomial transformation over Galois ring
R = GR(q",p"), g # p and n> 1.

v

PCG sequence over R achieve the largest period g(q — 1)p" 2. J
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The linear congruential generator (LCG) over R is a PCG with
the states sequence {x;} of elements defined by relation
Xi+1 =ax;j+ b, a,b e R.

LCG sequence over Z,, achieve the largest period m. J

What is the largest period of the LCG sequence over R? J
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The largest period of LCG sequences a7

Let Gr r be the graph of bijective transformation of the ring R
assigned by polynomial f(x) € R[x].
Statement 1.

The length of cycle in graph Guxyp g, ax + b € R[x] is at most
(g—1)p" 1.

By definition J = pR and R; = R/J/, i € 1,n (Ry = GF(q)).
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Theorem 1. (p # 2)
There is a cycle of length (g — 1)p"~1 in the graph Gaxipr, P # 2
iff

@ a=ap (mod J), where ag is a primitive element of the field
Ry

@ ac R\T(R), where (R) ={re R|r?7=r}.

Theorem 2. (p = 2)

There is a cycle of length (2™ — 1)2"~1 in the graph Gax+b,R

p =2 iff
@ a=ap (mod J), where ag — primitive element of the field Ry;
@ ac R\T(R);
@ 2" lr+b(l+a+---+a>""2)#3e(mod J?), r € R.
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Consider the Galois ring R = GR(23*3,23) = Zglyl )y 4y41-
Consider the polynomial f(x) € R[x]:

F(x) = (4,3,3)x + (1,1,2).

The cyclic structure of Gr g is equals [1432, 78 11] and the
bound from the theorem 2 is not achieved.
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Quadratic congruential
generator 7/7

The quadratic congruential generator (QCG) over R is a PCG
with the states sequence {x;} of elements defined by relation
Xj11 = ax,-2 + bx; + ¢, a,b and c € R.

Statement 2.

Let f(x) = ax? + bx + ¢ € R[x] be a bijective polynom over R.
The length of cycle in graph G¢(y) g is at most (g — 1)p"1L.
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