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an
sf

or
m

at
io

n.
Le

t
L
m
(R

)
be

th
e

m
ax

im
um

le
ng

th
of

cy
cl

es
of

bi
je

ct
iv

e
po

ly
no

m
ia

lt
ra

ns
fo

rm
at

io
ns

of
G

al
oi

s
rin

g
R

=
G
R
(q
n
,p

n
).

If
R

is
no

t
a

fin
ite

fie
ld

or
a

re
sid

ue
rin

g,
th

en

L
m
(R

)
=
qm

(q
m
−

1)
p
n
−
2
.

Su
pp

os
e
x
∈
R
m
.L

et
τ s

=
τ
(F
,s
,x

)
be

th
e

pe
rio

d
of

th
e

se
qu

en
ce

x
m
od

ps
,

f
(x
)
m
od

ps
,

f
(f
(x
))
m
od

ps
,

..
.,

s
=
1,
2,
..
.,
n
.L

et
J
f
(x
)

be
th

e
Ja

co
bi

m
at

rix
:

J
f
(x
)
=

          ∂
f 1
∂
z 1
(x
)

∂
f 2
∂
z 1
(x
)

··
·

∂
f m ∂
z 1
(x
)

∂
f 1
∂
z 2
(x
)

∂
f 2
∂
z 2
(x
)

··
·

∂
f m ∂
z 2
(x
)

. . .
. . .

. .
.

. . .
∂
f 1

∂
z m
(x
)

∂
f 2

∂
z m
(x
)
··
·

∂
f m
∂
z m
(x
)

          .

Su
pp

os
e
F
s
=
f
[τ
s
] ,
s
=

1,
2,
..
.,
n
.

T
he

m
at

rix
J
(x
)
=
J
F
1
(x
)

is
re

ve
rs

ib
le

.
Le

t
or
d
p
J
(x
)

be
th

e
m

ul
tip

lic
at

iv
e

or
de

r
of

th
e

m
at

rix
J
(x
).

T
he

fo
llo

w
in

g
th

eo
re

m
ho

ld
s.
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5.
Su

pp
os

e
τ
(f
,1
,x

)
=
qm

.T
he

fo
llo

wi
ng

st
at

em
en

ts
ar

e
eq

ui
va

le
nt

.
1)
τ
(f
,2
,x

)
=
qm

(q
m
−

1)
.

2)
or
d
p
J
(x
)
=
qm

−
1

fo
r

al
lx

∈
R
m
.

3)
T

he
re

ex
is

ts
x
∈
R
m

su
ch

th
at

or
d
p
J
(x
)
=
qm

−
1.

Fo
r

ev
er

y
i
∈
{1
,2
,.
..
,m

}
co

ns
id

er
th

e
m

at
rix

f
′′ i
(z
)
=

             ∂
2
f i
(z
)

∂
z2 1

∂
2
f i
(z
)

∂
z 1
∂
z 2

··
·

∂
2
f i
(z
)

∂
z 1
∂
z m

∂
2
f i
(z
)

∂
z 2
∂
z 1

∂
2
f i
(z
)

∂
z2 2

··
·

∂
2
f i
(z
)

∂
z 2
∂
z m

. . .
. . .

. .
.

. . .
∂
2
f i
(z
)

∂
z m
∂
z 1

∂
2
f i
(z
)

∂
z m
∂
z 2

··
·

∂
2
f i
(z
)

∂
z2 m

             .

Su
pp

os
e
p
>

2.
If
τ
(f
,n
,x

)
=
L
m
(R

)
fo

r
so

m
e
x
∈
R
m
,w

e
ca

ll
f

a
tr

an
sf

or
m

at
io

n
w

ith
a

cy
cl

e
of

m
ax

im
um

le
ng

th
(C

M
L-

tr
an

sf
or

m
at

io
n)

.
W

e
in

tr
od

uc
e

th
e

no
ta

tio
n:

∀x
,y

∈
R
m
:

d
2
f
(x
,y

)
=
(y
f
′′ 1
(x
)
y
T
,
y
f
′′ 2
(x
)
y
T
,
..
.,

y
f
′′ m
(x
)
y
T
),

w
he

re
"T

"
is

th
e

tr
an

sp
os

e
op

er
at

io
n.

Su
pp

os
e
τ
(f
,2
,x

)
=
qm

(q
m
−
1)

.F
or

ev
er

y
k
≥

1
w

e
de

no
te

th
e

m
at

rix

(J
(x
)
−
E
)−

1
·(
J
(x
)k
−
E
)

by
A

[k
] (
x
).

Su
pp

os
e
B

[1
] (
x
,y

)
=
0,

B
[j
] (
x
,y

)
=

j−
1 ∑ k

=
1
d
2
F
1
(x
,y
A

[k
] (
x
))
J
(x
)j
−
1−
k

fo
r

al
lj

≥
2,

y
∈
R
m
.
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6.
Su

pp
os

e
p
>

2,
τ
(f
,2
,x

)
=
qm

(q
m
−
1)

,F
1
(x
)
=
x
+
py

.T
he

n
f

is
a

C
M

L-
tr
an

sf
or

m
at

io
n

if
an

d
on

ly
if

y
γ
1

[ A
[q
m
−
1]
(x
)] +

1 2
B

[q
m
−
1]
(x
,y

)
̸≡

0
(m

od
pR

),

wh
er

e
γ
1
[•
]
is

th
e

fir
st

di
gi

t
in

th
e

Te
ic

hm
ül

le
r

de
co

m
po

si
tio

n.

O
n

th
e

ba
sis

of
th

e
th

eo
re

m
6

an
al

go
rit

hm
is

pr
op

os
ed

th
at

al
lo

w
s

co
ns

tr
uc

tin
g

pa
irs

(f
,x

)
w

ith
pr

op
er

ty
τ
(f
,n
,x

)
=
L
m
(R

)
=
qm

(q
m
−

1)
pn

−
2
.

Fo
r

so
m

e
of

th
es

e
C

M
L-

tr
an

sf
or

m
at

io
ns
f
,i

t
is

po
ss

ib
le

to
de

sc
rib

e
th

ei
r

cy
cl

ic
st

ru
ct

ur
es

.
Le

t
Ω

be
a

no
ne

m
pt

y
fin

ite
se

t.
T

he
cy

cl
ic

st
ru

ct
ur

e
of

an
ar

bi
tr

ar
y

pe
rm

ut
at

io
n
ψ

∈
S
(Ω

)
is

de
sc

rib
ed

by
its

cy
cl

ic
ty

pe
,t

ha
t

is,
th

e
po

ly
no

m
ia

l

C
ψ
(y
)
=

∑ i≥
1
c i
(ψ

)y
i
∈

Z[
y
],

w
he

re
c i
(ψ

)
is

th
e

nu
m

be
r

of
cy

cl
es

w
ith

le
ng

th
i.

C
on

sid
er

th
e

po
ly

no
m

ia
l

C
m
,R
(y
)
=
y
+

n
−
1 ∑ s=
0

 qm p

 n
−
s−

1

y
(q

m
−
1)
pn

−
s−

1
.

W
e

m
an

ag
ed

to
co

ns
tr

uc
t

a
la

rg
e

cl
as

s
of

tr
an

sf
or

m
at

io
ns
f

w
ith

th
e

pr
op

er
ty

:

C
f
(y
)
=
C
m
,R
(y
qm
).

A
lm

os
t

al
lc

yc
le

s
of

su
ch

tr
an

sf
or

m
at

io
ns
f

ha
ve

le
ng

th
L
m
(R

).



k
-l
in

ea
r

sh
if
t

re
gi

st
er

Le
t’s

di
sc

us
s

th
e

se
lf-

co
nt

ro
lle

d
2-

LF
SR

an
d

lis
t

th
e

m
ai

n
re

su
lts

co
nc

er
ni

ng
th

is
iss

ue
.L

et
I

be
a

m
on

ic
id

ea
lo

f
th

e
rin

g
R
[x

1
,x

2
,.
..
,x

k
]
an

d
u

be
a
k
-li

ne
ar

re
cu

rr
in

g
se

qu
en

ce
(k

-L
R

S)
an

ni
hi

la
te

d
by

an
id

ea
lI

.W
e

de
no

te
th

e
se

t
of

al
ls

uc
h

se
qu

en
ce

s
u

by
L
R
(I
).

If
T
(I
)

is
th

e
pe

rio
d

of
th

e
id

ea
l

I
an

d
T
(u
)

is
th

e
pe

rio
d

of
th

e
se

qu
en

ce
u
,t

he
n

th
e

in
eq

ua
lit

y
ho

ld
s:
T
(u
)
≤
T
(I
).

In
so

m
e

sp
ec

ia
l

ca
se

s,
th

e
cy

cl
ic

st
ru

ct
ur

e
of

th
e

se
t
L
R
(I
)

is
de

sc
rib

ed
.

A
la

rg
e

fa
m

ily
of

se
qu

en
ce

s
u

po
ss

es
sin

g
pr

op
er

ty
T
(u
)
=
T
(I
)

is
co

ns
tr

uc
te

d.
E

ve
ry

w
he

re
fu

rt
he

r
T
(u
)
=
T
(I
)

an
d

th
e

se
qu

en
ce
u

sp
ec

ifi
es

th
e

in
iti

al
fil

lin
g

of
th

e
se

lf-
co

nt
ro

lle
d

2-
LF

SR
.

Le
t
β

be
th

e
co

nt
ro

l
fu

nc
tio

n
of

th
is

au
to

m
at

io
n,
ψ

be
th

e
ou

tp
ut

fu
nc

tio
n,
γ

be
th

e
ou

tp
ut

se
qu

en
ce

.L
ar

ge
cl

as
se

s
of

fu
nc

tio
ns
β

an
d
ψ

ar
e

co
ns

tr
uc

te
d

fo
r

w
hi

ch
T
(γ
)
=
T
(u
).

Fo
r

fu
nc

tio
ns
β

an
d
ψ

fr
om

th
es

e
cl

as
se

s,
so

m
e

cr
yp

to
gr

ap
hi

c
pr

op
er

tie
s

of
th

e
ou

tp
ut

se
qu

en
ce
γ

ar
e

de
sc

rib
ed

(t
he

pe
rio

di
ca

lp
ro

pe
rt

ie
s,

th
e

st
at

ist
ic

al
pr

op
er

tie
s

an
d

th
e

lin
ea

r
co

m
pl

ex
ity

).
Le

t’s
de

sc
rib

e
th

e
re

su
lts

in
m

or
e

de
ta

il.
In

fo
rm

al
ly

,2
-L

FS
R

ca
n

be
de

sc
rib

ed
as

fo
llo

w
s.

Le
t
R

be
a

fin
ite

co
m

m
ut

at
iv

e
rin

g
w

ith
id

en
tit

y.
Le

t
F
0
(x
)

an
d
F
1
(x
)

be
m

on
ic

po
ly

no
m

ia
ls

of
de

gr
ee

s
m

0
an

d
m

1
,r

es
pe

ct
iv

el
y.

Su
pp

os
e
w
(0
)
∈
R
m

0
,m

1
.C

on
sid

er
a

m
ap

pi
ng

µ
:
N
2 0
→

R

su
ch

th
at

µ
[ 0
,m

0
−
1
×

0,
m

1
−
1]
=
w
(0
),

an
d

in
th

e
ta

bl
e,

ea
ch

co
lu

m
n

is
a

lin
ea

rr
ec

ur
rin

g
se

qu
en

ce
(L

R
S)

w
ith

ch
ar

ac
te

ris
tic

po
ly

no
m

ia
lF

0
(x
)

an
d

ea
ch

lin
e

is
an

LR
S

w
ith

ch
ar

ac
te

ris
tic

po
ly

no
m

ia
lF

1
(x
):



µ
(0
,0
)
µ
(0
,1
)
µ
(0
,2
)

..
.
µ
(0
,j
)

..
.

µ
(1
,0
)
µ
(1
,1
)
µ
(1
,2
)

..
.
µ
(1
,j
)

..
.

µ
(2
,0
)
µ
(2
,1
)
µ
(2
,2
)

..
.
µ
(2
,j
)

..
.

..
.

..
.

..
.

..
.

..
.

..
.

µ
(i
,0
)
µ
(i
,1
)
µ
(i
,2
)

..
.
µ
(i
,j
)

..
.

..
.

..
.

..
.

..
.

..
.

..
.

W
e

ca
ll

su
ch

a
m

ap
pi

ng
µ

2-
lin

ea
r

re
cu

rr
in

g
se

qu
en

ce
(2

-L
R

S)
.W

e
de

no
te

th
e

se
t

of
al

ls
uc

h
2-

LR
S
µ

by
L
R
(F

0
,F

1
).

A
re

ct
an

gu
la

r
w

in
do

w
m

0
×
m

1
m

ov
es

al
on

g
th

e
ta

bl
e.

T
he

cu
rr

en
t

fil
lin

g
w
(i
)

of
th

e
w

in
do

w
is

th
e

cu
rr

en
t

fil
lin

g
of

th
e

re
gi

st
er

.W
e

w
ill

ad
he

re
to

th
e

fo
llo

w
in

g
ag

re
em

en
ts

.

1.
T

he
la

w
of

m
ov

em
en

t
of

th
e

w
in

do
w

is
gi

ve
n

by
a

bi
na

ry
co

nt
ro

ls
eq

ue
nc

e
δ.

If
δ(
i)
=

0,
th

en
th

e
w

in
do

w
is

m
ov

ed
on

e
st

ep
do

w
n.

If
δ(
i)
=
1,

th
en

th
e

w
in

do
w

is
m

ov
ed

on
e

st
ep

to
th

e
rig

ht
.

2.
E

ith
er

th
e

se
qu

en
ce
δ

is
th

e
in

pu
t,

or
th

e
sig

n
δ(
i)

is
ob

ta
in

ed
fr

om
th

e
cu

rr
en

t
fil

lin
g
w
(i
)

us
in

g
a

co
nt

ro
lf

un
ct

io
n
β
:

δ(
i)
=
β
(w

(i
))
,

i
=
0,
1,
2,
..
.

In
th

e
fir

st
ca

se
,t

he
au

to
m

at
io

n
is

ca
lle

d
no

n-
au

to
no

m
ou

s
an

d
is

de
no

te
d

by
A
.I

n
th

e
se

co
nd

ca
se

,
th

e
au

to
m

at
io

n
is

ca
lle

d
se

lf-
co

nt
ro

lle
d

an
d

is
de

no
te

d
by

A
β
.

3.
T

he
ou

tp
ut

sig
n
γ
(i
)

is
ob

ta
in

ed
fr

om
th

e
cu

rr
en

t
fil

lin
g
w
(i
)

us
in

g
a

lin
ea

r
ou

tp
ut

fu
nc

tio
n
ψ

:

γ
(i
)
=
ψ
(w

(i
))
,

i
=
0,
1,
2,
..
.

Le
t
φ
0

an
d
φ
1

be
th

e
pa

rt
ia

lt
ra

ns
fe

r
fu

nc
tio

ns
of

th
e

au
to

m
at

io
n

A
:

w
(i
+
1)

=
φ
β
(w

(i
))
(w

(i
))
.



Su
pp

os
e
r,
n
∈

N
,R

=
G
R
(q
n
,2

n
),
q
=

2r
,m

≥
2,
F
0
(x
)
=
F
1
(x
)
=
F
(x
)

is
a

po
ly

no
m

ia
lo

fm
ax

im
al

pe
rio

d
(q
m
−
1)
2n

−
1
,d

eg
F
(x
)
=
m

.W
e

w
ill

as
su

m
e

th
at

th
e

ou
tp

ut
fu

nc
tio

n
ψ

re
tu

rn
s

th
e

co
nt

en
t

of
so

m
e

fix
ed

ce
ll

of
th

e
ar

gu
m

en
t

m
at

rix
:

ψ
(z
)
=
z k
,l
,

w
he

re
z
=
(z
i,
j
)
∈
R
m
,m

.
Su

pp
os

e
th

at
τ
=
qm

−
1

an
d

th
e

au
to

m
or

ph
ism

σ
of

th
e
R

-b
im

od
ul

e
R
m
,m

is
de

te
rm

in
ed

by
th

e
eq

ua
lit

y:
σ
=
φ
2n

−
2
(τ
−
1)

0
·φ

2n
−
2
(τ
+
1)

1
.

Le
t
θ

be
a

ro
ot

of
th

e
po

ly
no

m
ia

lF
in

th
e

rin
g
S
=
G
R
(q
m
n
,2

n
).

Su
pp

os
e
α
=
θ2

n
−
2
(τ
−
1)

an
d
µ
j
(x
)

is
th

e
m

in
im

al
po

ly
no

m
ia

l
of
ᾱ
qj
−
1

ov
er

th
e

fie
ld
R̄

,
j
=

1,
2,
..
.,
m

−
1.

T
he

n
th

e
ch

ar
ac

te
ris

tic
po

ly
no

m
ia

lo
fσ

ha
s

th
e

fo
llo

w
in

g
ca

no
ni

ca
ld

ec
om

po
sit

io
n:

χ
σ
(x
)
=
G

0
(x
)G

1
(x
)
..
.G

m
−
1
(x
),

w
he

re
Ḡ

0
(x
)
=
(x

−
1)
m
,Ḡ

j
(x
)
=
µ
j
(x
),
j
=
1,
2,
..
.,
m
−
1.

T
hi

s
de

co
m

po
sit

io
n

in
du

ce
s

th
e

fo
llo

w
in

g
un

am
bi

gu
ou

s
re

pr
es

en
ta

tio
n

of
ev

er
y

st
at

e
w

of
th

e
au

to
m

at
io

n
A
β
:

w
=
a
0
+
a
1
+
a
2
+
..
.+

a
m
−
1
,

w
he

re
a
j
∈
K
er
G
j
(σ
),
j
=
0,
1,
..
.,
m

−
1.

W
e

ca
ll

th
e

ty
pe

of
st

at
e
w

th
e

fo
llo

w
in

g
ve

ct
or

:

ty
p
w

=
(n

−
∥a

0
∥,
n
−
∥a

1
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.
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∈
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∈
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→
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∈
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=
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∈
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∈
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∈
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∞
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̸=
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=
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−
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=
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∞
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=
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−
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−
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∑ d
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öb
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m
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:
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t’s

st
ud

y
th

e
lin

ea
r

co
m

pl
ex

ity
(r

an
k)

an
d

th
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∥
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∈
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∞
.
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∈
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+
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−
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√
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m
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∈
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∥
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∈
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−
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=
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−
1
),

λ
s
=
ε′ s
ε s
,

s
=
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≥
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d
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.
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=
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−
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.
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→
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+
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+
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