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Ñîâîêóïíîñòü X ⊂ 2X èç v ïîäìíîæåñòâ ìîù-
íîñòè k ìíîæåñòâà X íàçûâàåì k-êîíôèãóðàöèåé,
åñëè:

i) êàæäûé ýëåìåíò x ∈ X ïðèíàäëåæèò ðîâíî
k ïîäìíîæåñòâàì èç X ,

ii) êàæäûé ýëåìåíò x ∈ X ÿâëÿåòñÿ ñóììîé
(êàê ïîäìíîæåñòâî {x}) ðîâíî k ïîäìíîæåñòâ èç
X , ïðè÷¼ì êàæäîå ïîäìíîæåñòâî èç X ó÷àñòâóåò
â êà÷åñòâå ñëàãàåìîãî ðîâíî â k òàêèõ ñóììàõ.

Â ïîñòðîåíèè k-êîíôèãóðàöèé â ðàçíîå âðåìÿ
ïðèíèìàëè ó÷àñòèå Áðîñëàâñêèé Ì.Â., Çóáêîâ À.Ì.,
Êîìÿãèí Ì.Ì., Êðàñóëèíà Å.Ã., Ìàëûøåâ Ô.Ì.,
Ñà÷êîâ Â.Í., Òàðàêàíîâ Â.Å., Òðèøèí À.Å.,
Ôðîëîâ À.À.

Ò.1.(1999,ÌÔÌ) Âñå (v, 3)-ãðóïïû ÿâëÿþòñÿ
àáåëåâûìè. Ëþáàÿ íåðàçëîæèìàÿ (v, 3)-ãðóïïà ýê-
âèâàëåíòíà îäíîé èç ñëåäóþùèõ (v, 3)-ãðóïï:

i) (Z5, {0, 1, 4}, {0, 2, 3});
ii) (Z2n, {0, 1, n + 1}, {0, n− 1, n + 1}), n ⩾ 2;
iii) (Z2n × Z2, {(0, 0), (1, 0), (1, 1)},

{(0, 0), (2n− 1, 0), (2n− 1, 1)}), n ⩾ 1.
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Ò. 2. (2001,Òàðàêàíîâ Â.Å.) Ïóñòü p ïðîñòîå,
R � ìíîæåñòâî íåíóëåâûõ êâàäðàòè÷íûõ âû÷åòîâ
êîëüöà Zp = {0, 1, ... , p − 1}, R = {i + R| i ∈ Zp}
ïðè p ≡ 3mod 8 è R = {i + (R ∪ {0})| i ∈ Zp}
ïðè p ≡ 5mod 8. Òîãäà R áóäåò (p, (p − 1)/2)-
êîíôèãóðàöèåé ïðè p ≡ 3mod 8 è (p, (p + 1)/2)-
êîíôèãóðàöèåé ïðè p ≡ 5mod 8.

Ò. 3. (2003,Òðèøèí À.Å.) Íåðàçëîæè-
ìàÿ öèêëè÷åñêàÿ (v, 5)-ãðóïïà (Zv, H, S),
H⧹{0} = {x1, x2, x3, x4}, S⧹{0} = {y1, y2, y3, y4},
ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà v êðàòíî
2 èëè 3, ëèáî ðàâíî îäíîìó èç ÷èñåë 11, 13, 17, 19.
Ñ òî÷íîñòüþ äî ýêâèâàëåíòíîñòè íåðàçëîæèìûå
öèêëè÷åñêèå (v, 5)-ãðóïïû èñ÷åðïûâàþòñÿ äâóìÿ
áåñêîíå÷íûìè ñåðèÿìè:

1) H = −S = {0, u, u + t, z, z + t}, ãäå v = 2t,
u, z ∈ Zv⧹{0, t}, u 6= z, u− z 6= t, ÍÎÄ (u, z, t) = 1,
t ⩾ 3;

2) H = S = {0,−z, t, 2t, 2t − z}, ãäå v = 3t,
z ∈ Zv⧹{0}, ÍÎÄ (z, t) = 1, t ⩾ 3;
è äâàäöàòüþ äâóìÿ èñêëþ÷èòåëüíûìè ñëó÷àÿìè ñ
v ∈ {10, ... , 19}
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Ò. 4. (2005,Ôðîëîâ À.À.) Àáåëåâû íåöèêëè÷å-
ñêèå íåðàçëîæèìûå íåèíâîëþòèâíûå (v, 5)-ãðóïïû
èñ÷åðïûâàþòñÿ åäèíñòâåííîé áåñêîíå÷íîé ñåðèåé:
(Z3×Z3n, {(0, 0), (1, 0), (2, 0), (1, 1), (2, 1)}) ñ S = H.
Âñå àáåëåâû èíâîëþòèâíûå (v, k)-ãðóïïû ÿâëÿþòñÿ
ôàêòîðàìè (k− 1)/2-é äåêàðòîâîé ñòåïåíè ãðóïïû
G = Z2n × Z2 èç òåîðåìû 1.

Ò. 5. (2005,Ôðîëîâ À.À.) Âñå íåðàçëîæè-
ìûå èíâîëþòèâíûå àáåëåâû (v, 5)-ãðóïïû ÿâ-
ëÿþòñÿ îáðàçàìè ãðóïïû Z2 × Z2 × Z × Z
ïðè íåêîòîðîì ýïèìîðôèçìå ψ, ïðè ýòîì
H={0,ψ(0, 0, 0, 1),ψ(0, 1, 0, 1),ψ(0, 0, 1, 0),ψ(1, 0, 1, 0)}.

Ò. 6. (2010,ÌÔÌ) Äëÿ êàæäîãî ÷¼òíîãî
v ⩾ 4 èìååòñÿ ðîâíî îäíà íåðàçëîæèìàÿ (v, 3)-
êîíôèãóðàöèÿ. Äëÿ íå÷¼òíîãî v íåðàçëîæèìàÿ
(v, 3)-êîíôèãóðàöèÿ èìååòñÿ òîëüêî ïðè v = 5.
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Ò. 7. (1999-2021,ÌÔÌ) Ïðè ëþáûõ ÷¼òíîì v
è íå÷¼òíîì k, 0 < k < v, ñóùåñòâóåò íåðàçëî-
æèìàÿ (v, k)-êîíôèãóðàöèÿ. Åñëè ïðè íå÷¼òíûõ v
è k ⩾ 1 ñóùåñòâóåò (v, k)-êîíôèãóðàöèÿ, òî

v ⩾ k +
1 +

√
4k − 3

2
. (1)

Äëÿ íå÷¼òíûõ k ⩽ 17 è âñåõ v, óäîâëåòâîðÿþùèõ
íåðàâåíñòâó (1), ñóùåñòâóåò (v, k)-êîíôèãóðàöèÿ
çà èñêëþ÷åíèåì ñëó÷àÿ k = 3, v = 7, êîãäà å¼ íå
ñóùåñòâóåò.

Ò. 8. (2024,2025,Êîìÿãèí Ì.Ì.) Ñ òî÷íî-
ñòüþ äî êîìáèíàòîðíîé ýêâèâàëåíòíîñòè äëÿ
v = 9, 10, 11, 12 èìååòñÿ, ñîîòâåòñòâåííî, ðîâíî 1,
34, 386, 71355 = 71330 + 5 · 5 (v, 5)-êîíôèãóðàöèé.
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Ïîä 2-ãðàôîì Γ ïîíèìàåì ñâÿçíûé îðèåíòèðîâàííûé

ãðàô íà êîíå÷íîì èëè ñ÷¼òíîì ìíîæåñòâå âåðøèí P áåç ïå-

òåëü è ïàðàëëåëüíûõ äóã ñ äâóìÿ âõîäÿùèìè è äâóìÿ âû-

õîäÿùèìè äóãàìè äëÿ êàæäîé âåðøèíû. Â êîíå÷íîì ñëó÷àå

ïîëàãàåì |P | = p. Îðèåíòèðîâàííûå öèêëû è ãðàô íà ìíîæå-

ñòâå âåðøèí Z ñ äóãàìè i→ i+ 1, i ∈ Z, ñ÷èòàåì 1-ãðàôàìè.

Ñåðèÿ A. Ïóñòü Γ � 2-ãðàô ñ ìíîæåñòâîì âåð-

øèí P , |P | ⩾ 3. Êîíöû äóã 2-ãðàôà Γ, âûõîäÿùèõ

èç âåðøèíû v ∈ P , îáîçíà÷àåì v0̂ è v1̂. Ïîëàãàåì

X = P × {0, 1}, Xx = {(v, ε), (v0̂, 0), (v0̂, 1), (v1̂, 0), (v1̂, 1)},
x = (v, ε) ∈ P × {0, 1}, X = {Xx| x ∈ X}. Îáîçíà-

÷àåì ýòó 5-êîíôèãóðàöèþ ñèìâîëîì A(Γ). Ïðîòîòèïàìè 5-

êîíôèãóðàöèé ñåðèè A ÿâëÿþòñÿ êîíôèãóðàöèè èç Ïðåäëî-

æåíèÿ 7 ðàáîòû [1], ïîëó÷åííûå Ô.Ì. Ìàëûøåâûì.

Ñåðèÿ B. Ïóñòü Γ � 2-ãðàô ñ ìíîæåñòâîì âåðøèí P ,

|P | ⩾ 3, ó êîòîðîãî äóãè ïîìå÷åíû ëèáî 0, ëèáî 1 òàê, ÷òî

êàê âõîäÿùèå, òàê è âûõîäÿùèå äóãè êàæäîé âåðøèíû v ∈ P

ïîìå÷åíû ðàçëè÷íî. ×åðåç vε̂ îáîçíà÷àåì êîíåö äóãè, âûõîäÿ-

ùåé èç âåðøèíû v ∈ P ñ ìåòêîé ε ∈ {0, 1}. Ïðåäïîëàãàåòñÿ,
÷òî v0̂1̂ = v1̂0̂ äëÿ âñåõ v ∈ P . Òîãäà 2-ãðàô Γ íàçûâàåì ïî-

ìå÷åííûì 2-ãðàôîì. Ïîëàãàåì X = P × {0, 1} × {0, 1},
Xx = {(v, ε, ν), (v0̂, 0, ν), (v0̂, 1, ν), (v1̂, ε, 0), (v1̂, ε, 1)},
X = {Xx| x ∈ X}, x = (v, ε, ν) ∈ P × {0, 1} × {0, 1}. Îáîçíà-
÷àåì ýòó 5-êîíôèãóðàöèþ B(Γ). Ïðîòîòèïîì 5-êîíôèãóðàöèé

ñåðèè B ÿâèëîñü Ñëåäñòâèå 2 â ðàáîòå À.À. Ôðîîëîâà [6].
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Ñåðèÿ C. Ïóñòü Γ � 1-ãðàô ñ ìíîæåñòâîì âåðøèí

P , |P | ⩾ 3. Êîíåö äóãè 1-ãðàôà Γ, âûõîäÿùåé èç âåð-

øèíû v, îáîçíà÷àåì v0̂. Ïîëàãàåì X = P × {0, 1, 2},
Xx = {(v, 0), (v, 1), (v, 2), (v0̂, ν), ν ∈ {0, 1, 2}⧹{ε}},
x = (v, ε) ∈ P × {0, 1, 2}, X = {Xx| x ∈ X}. Ïðîòîòèïàìè
5-êîíôèãóðàöèé ñåðèè C ÿâëÿþòñÿ êîíôèãóðàöèè èç Ïðèìå-

ðà 6 ðàáîòû [1], ïîëó÷åííîãî Â.Å. Òàðàêàíîâûì.

Ñåðèÿ D. Ïóñòü Γ � 1-ãðàô ñ ìíîæåñòâîì âåðøèí Z.
Êîíöîì äóãè 1-ãðàôà Γ, âûõîäÿùåé èç âåðøèíû v ∈ Z, áóäåò
v + 1. Ïîëàãàåì X = Z× Z7,

Xx = {(v, ε), (v+1, ε), (v+1, ε+(−1)v), (v+1, ε+(−1)v2), (v+1, ε+(−1)v4)},

x = (v, ε) ∈ Z × Z7, X = {Xx| x ∈ X}. Ôàêòîðèçóÿ

äàííóþ 5-êîíôèãóðàöèþ ïî ãðóïïå àâòîìîðôèçìîâ â âèäå

(v, ε) 7→ (v + d, ε), (v, ε) ∈ X , ïî âñåì d ∈ Z, êðàòíûì 2p,

p ∈ N, ïîëó÷àåì 5-êîíôèãóðàöèþ íà 14p âåðøèíàõ. Ïðîòî-

òèïàìè 5-êîíôèãóðàöèé ñåðèè D ÿâëÿþòñÿ íåêîììóòàòèâíûå

(14p, 5)-ãðóïïû èç ðàáîòû Ôðîëîâà À.À. [4].

G1 = Z×D4, Z = 〈d〉, D4 = 〈z, τ | z2 = τ 4 = e, zτz = τ−1〉, H = {e, dz, dzτ, dzτ 2, d},

G2 = Z2 ×G, Z2 = 〈z〉, G = 〈a, τ | τ 4 = e, a−1τa = τ−1〉, H = {e, a, aτ, aτ 2, aτz}.

Ò. 9. (2025,ÌÔÌ) 5-êîíôèãóðàöèè íà ãðóïïàõ G1

è G2 ÿâëÿþòñÿ êîìáèíàòîðíî ýêâèâàëåíòíûìè 5-
êîíôèãóðàöèè B4(Z).
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Ò. 10. (2024,ÌÔÌ) 5-êîíôèãóðàöèè A(Γ′) è
A(Γ′′) êîìáèíàòîðíî ýêâèâàëåíòíû òîãäà è òîëü-
êî òîãäà, êîãäà 2-ãðàôû Γ′ è Γ′′ èçîìîðôíû

Ñïåöèôèêàöèè ÷àñòîò âñòðå÷àåìîñòè

âåðøèí â îêðåñòíîñòÿõ òî÷åê. Êàæäîìó
y ∈ X ïîñòàâèì â ñîîòâåòñòâèå ïîäìíîæåñòâî
Yy = ∪x∈X: y∈XxXx = ∪Xx∈X : y∈XxXx. Äëÿ z ∈ X
îïðåäåëèì ι(z, y) = |{Xx ∈ X | y ∈ Xx è z ∈ Xx}| �
÷àñòîòó âñòðå÷àåìîñòè z â Yy, ι(y, y) = 5, ι(z, y) < 5
äëÿ z 6= y [12]. Ïóñòü αn = |{z ∈ Yy| ι(z, y) = n}|,
n ∈ N, N = {n ∈ N|αn 6= 0}. Íàêîíåö, òî÷êå
y ∈ X ïîñòàâèì â ñîîòâåòñòâèå èíâàðèàíò â âèäå
ïðîèçâîëüíî óïîðÿäî÷åííîé ñòðîêè Λy èç ñèìâîëîâ
nαn, n ∈ N , íàçûâàåìûé ñïåöèôèêàöèÿìè ÷àñòîò
âñòðå÷àåìîñòè â Yy ðàçëè÷íûõ ýëåìåíòîâ èç Yy.

Òèïû âåðøèí. Ïóñòü y ∈ X è Xi,
i = 1, 2, 3, 4, 5, ïîäìíîæåñòâà èç X , ñîäåðæà-
ùèå y. Ðàññìàòðèâàåòñÿ ñèìïëåêñ ñ âåðøèíàìè
i ∈ {1, 2, 3, 4, 5}. Êàæäîé åãî j-ìåðíîé ãðàíè ñ âåð-
øèíàìè i1, ... , ij+1, j = 0, 1, 2, 3, 4, ïðèïèñûâàåì ïî-

ìåòêè â âèäå ìîùíîñòåé ïåðåñå÷åíèé ∩j+1
s=1Xis. Èíâà-

ðèàíòîì ÿâëÿåòñÿ òàê ïîìå÷åííûé ÷åòûð¼õìåðíûé
ñèìïëåêñ, ðàññìàòðèâàåìûé ñ òî÷íîñòüþ äî åãî ñèì-
ìåòðèé.
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Âòîðè÷íûå ñïåöèôèêàöèè ÷àñòîò âñòðå÷à-

åìîñòè âåðøèí â îêðåñòíîñòÿõ òî÷åê. Äëÿ
y ∈ X ðàññìîòðèì îäíî èç ìàêñèìàëüíûõ ïîä-
ìíîæåñòâ Un ⊂ Yy⧹{y}, ñîñòîÿùåå èç âåðøèí
y1, ... , yαn, äëÿ êîòîðûõ ι(yi, y) = n. Ïðè êàæäîì
i = 1, ... , αn äëÿ z ∈ Yy ∪ Yyi èìååì äâå ÷àñòî-
òû ι(z, y)/ι(z, yi). Äëÿ n,m ∈ N t {0} ðàññìîòðèì
α′
n,m(i) = |{z ∈ Yy ∪ Yyi| ι(z, y) = n, ι(z, yi) = m}|,

à äëÿ y ∈ X � èíâàðèàíò â âèäå ñåìåéñòâà èç αn
ïðîèçâîëüíî óïîðÿäî÷åííûõ ñòðîê Λ′

y(i) èç ñèìâî-

ëîâ (n/m)α
′
n,m(i), n,m ∈ N t {0} : n 6= 0 ∨ m 6= 0,

i = 1, ... , αn.
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Ò. 11. (2024,ÌÔÌ) Ñ òî÷íîñòüþ äî èçîìîð-
ôèçìà ïîìå÷åííûìè 2-ãðàôàìè ÿâëÿþòñÿ:

B1(p), p ⩾ 3, B1(Z), B′
1(4)

B2(2k), k ⩾ 3, B2(Z), B′
2(2k), k ⩾ 2,

B3(2k), k ⩾ 3, B3(Z), B′
3(2k + 1), k ⩾ 2,

B4(2k), k ⩾ 3, B4(Z), B′
4(4k), k ⩾ 2,

B(0)
5 , B(1)

5 (u), B(2,1)
5 (u, n, w), [w] = n > [u] ⩾ 3,

B(2,2)
5 (u,w), [w] = [u] > [w − u] ⩾ 3,

B(2,3)
5 (u), [w] = [u] = [w − u] ⩾ 3.

Ïîìå÷åííûå 2-ãðàôû èç ïðèâåä¼ííîãî ñïèñêà íå èçî-
ìîðôíû äðóã äðóãó.

Ì.Ì. Êîìÿãèí óñòàíîâèë êîìáèíàòîðíóþ ýêâè-
âàëåíòíîñòü B1(4) è B′

2(4), B2(2s) è B′
2(2s) äëÿ íå÷¼ò-

íûõ s ⩾ 3. Ïàðû B2(4s) è B′
2(4s), B4(4s) è B′

4(4s),
s ⩾ 2 êîìáèíàòîðíî íå ýêâèâàëåíòíû.
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Ò. 12. (2025,ÌÔÌ) Ëþáûå äâå 5-êîíôèãóðàöèè,
ïðèíàäëåæàùèå ðàçëè÷íûì ñåðèÿì A, B, C, D,
êîìáèíàòîðíî íå ýêâèâàëåíòíû.

Ò. 13. (2025,ÌÔÌ) Êîììóòàòèâíî ãðóïïîâûå
5-êîíôèãóðàöèè ñåðèè A ñòðîÿòñÿ ïî ïîìå÷åííûì
2-ãðàôàì.

Ò. 14. (2025,ÌÔÌ) Çà èñêëþ÷åíèåì íåñêîëü-
êèõ öèêëè÷åñêèõ (v, 5)-ãðóïï ñ v ∈ {10, ... , 19}, ëþ-
áàÿ êîììóòàòèâíî-ãðóïïîâàÿ 5-êîíôèãóðàöèÿ ëè-
áî îòíîñèòñÿ ê îäíîé èç ñåðèé A, B, C, ëèáî
êîìáèíàòîðíî ýêâèâàëåíòíà 5-êîíôèãóðàöèè ñåðèè
A, ïðîôàêòîðèçîâàííîé ïî àâòîìîðôèçìó âòîðî-
ãî ïîðÿäêà, ëèáî êîìáèíàòîðíî ýêâèâàëåíòíà 5-
êîíôèãóðàöèè ñåðèè B, ïðîôàêòîðèçîâàííîé èëè ïî
àâòîìîðôèçìó âòîðîãî ïîðÿäêà, èëè ïî ãðóïïå àâ-
òîìîðôèçìîâ, èçîìîðôíîé ÷åòâåðíîé ãðóïïå
Êëåéíà.

Ñåðèÿ KB
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