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f :F5 — F, — a Boolean function in n variables

dist(f, g) — the Hamming distance between f, g : F§ — F,

(a,b) = a1by ® axby @ ... @ anby, where a, b € F}

x +— (a,x) & c is an affine function, a € F}, c € F,

Indp : F§ — F, is the characteristic function of D C [F]

adD={a®dx : xe D}

An affine subspace of F is a® L, L is a linear subspace of FJ; also, [a® L] =L

Coordinates | = {i,... ik}, where 1 < iy <ip <...<ix <malso, [ ={1,...,n}\/
x € F5 to F5: x; = (xiy,- -, Xi,)

yEIF’Q‘toIFg:y’:x,wherex/:yand><j:0forj¢l
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Bent functions

Nonlinearity of f : F5 — F, is the Hamming distance between it and the closest affine
function in n variables

Bent functions are maximal nonlinear Boolean functions in even number of variables
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Bent functions

Bent functions were introduced in 1960th
e by O. Rothaus in the USA
e by V. A. Eliseev and O. P. Stepchenkov in the USSR

They have the following applications:
® Boolean functions with high nonlinearity (cryptography)
® Hadamard matrices (combinatorics)
e Kerdock codes and codes for CDMA (coding theory)

A bent function is not balanced

Bent functions are used in S-boxes of block cipher CAST, in hash function HAVAL
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Maiorana—McFarland bent functions

The Maiorana—McFarland class M., consisting of all functions of the form

fro(X, ) = (x,7(y)) © @(y), x,y € F3, where
® 7 is any permutation on ]

® ¢ :Fj — F, is any Boolean function

This is of the «primarys» constructions of bent functions

It was introduced in 1960th — 1970th independently by V. A. Eliseev, J. A. Maiorana
and R. L. McFarland

|Moay| = 2M2%" = /27 2n2"~(log2 e=1)2"n/2(1 4 o(1))
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A secondary construction that uses affine subspaces

Let us define the set A/ (f) consisting of all

f @ Indy, where

® f is a bent function in 2n variables
® U is a n-dimensional affine subspace of F3" such that f is affine on U

f is affine on U if f|y = ¢|y for some affine ¢ : F3" — F,
This construction was proposed by J. F. Dillon (1974)

N(f) are all bent functions at the minimum distance 2" from f (2009)

The classes M\zn and NV(My,) are determined by
M\2n — U N(f) and N(M2n) — ./T/l\2n \M2n
feMa,

These classes can be determined not only for M,
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The extended-affine equivalence

The extended-affine equivalence generates Mj: containing all

f(xA @ a) @ {(x), where
* fe Mf,,
® Ais an invertible 2n x 2n matrix over F, and a € F3"
° /: IF%” — F, is affine

Again, this construction can be determined for any class of bent function

The constructions commute: ./\/lfn = /\//\lfn
We are interested in My, Mjﬁn and /\772‘7; we study NV (f) and N (My,) because of
[ Mon| = [N(Man)| + [ Man| and [M3, | = IN(MZ,)| + M|
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«Trivial» bounds for |//\/\lg,,\ and |[MZ |

An upper bound for |M§£n\ is
IME,| < (227 = 20) ... (227 = 22771) | My,
since the class Msj, is closed relative to adding affine function and translations of
arguments
An upper bound for | My,| is
| Man| <2721 +1) - ... (2" 4 1)| Moy

This follows from the fact that quadratic bent functions have N'(f) of maximum possible
size among all bent functions (2014)
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The considered extensions of My,

The considered extensions of Mo,:
® N(Mazp): the closest bent functions to the class M,

Mo,: the union of N(Ma3,) and M3,

M;’En: the completed Maiorana-McFarland class
/\/'(an) the closest bent functions to the class Mjﬁn
M. the union of N'(MZ) and M7,

The base: studying N (f)

The connection: the affinity on n-dimensional affine subspaces of F3"
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A natural combinatorial problem

Any bent function from the Maiorana—McFarland class M5,
fx,y) = (x,m(y)) @ oly), x,y € F3
is affine on each coset of F3 x {0}:

f(
f(

.00) = (x, (0. ..00)) & (0. ..00)

x,0..
x,0...01) = (x,7(0...01)) ® p(0...01)

f(x,.l...ll) =(x,m(1...11)) & p(1...11)

There are 2" «natural» n-dimensional affine subspaces of F3" such that f is affine on
them (in fact, there are at least {5, such subspaces)

A question: what is the number of such affine subspaces in total? The answer is | N (f)|
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How to construct N/(f)?



A representation of affine subspaces

Ap i is the set of all k-dimensional affine subspaces of )
I ={h,...,ik} €{1,...,n} is called an information set of L € A,  if

{(Xigs- -, %,): x € L} =T5.

Such I can be found for any L € A, x using Gaussian elimination
Any coset of L € [Ap ] can be uniquely determined as a’ @ L, where a € FJ~
T is some arbitrary fixed mapping that for L € A, « gives us its information set | = Z(L)

Proposition 1
Any U € Azn,n can be uniquely expressed as

UL(L R, H) = {(H'R)(y) @ z,y) 1y € L,z € R},

where L € Ay, R € [Apn—k], and H: L — Fk is affine, k € {0,...,n}.
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Theorem 1

Let fr, € Mo, Then N(fy ) consists of all f; , @ Indyz (1 (L)) H)- where
® L and w(L) are k-dimensional affine subspaces of Fj,
OH:L— JF§ is affine,
O (H(x),m(x)) ® ¢(x) is affine on L, where | = Z([r(L)]).

Moreover, distinct (L, H) correspond to distinct bent functions.

Proposition 2 (2023)

Let f € Ma,. Then IN(f) N Ma,| = lan, where

lop = 22" — 2"

Moreover, the set N'(f) N Mo, correspond to all bent functions from the case of
dimL <1.
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The affinity of bent functions from Mo, on affine
subspaces



The average |N(f)| among f € M,

The average |N(f)| among f € My, is

1
E(Ma,) = Vol ng:zn IN(F)].

This is the average number of n-dimensional affine subspaces of 3" such that f € My,
is affine on them.

Theorem 2

2 2k2+2n+12k!(2n o 2k)|

E(Man) = b0 + Y _(S5) o

k=2
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Corollary 3

. 8, 8
+ 3 + 2n —3

2n (o

8 17.9020979020979034
10  9.3590067076487955
12 7.2034599713804699
14  6.3945141111150132
16  6.0400809074314523
18 5.8737987726531991
20  5.7932190779699999
22 5.7535493917318199
24  5.7338671451801089
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The value of E(Ma,)

4 o(mH1)?=2" 4 C,, where n > 2.



Asymptotics of E(Ma,)

Corollary 4
The following estimation is correct for n > 5: E(Maz,) < 13—022” — 2"+ 29.

Corollary 5

The following expressions are correct:

10 176

E(Man) = 722" — 2"+ 2 1 o(1), 2n E(Ms,) 32
3 21 2 6 133
E(M2n)—£2n+§2 +E+°(1) 6 46543 23+
176 8 13704475 853+3

E(Ma3,) = fzn + 32" + o1 + o(1). 142 :
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The average and the minimum values of [N (f)]

Remark 1

It is known that there exists f, € My, such that |N(f,)| = l2n + o(l2n) (2024). This
means that the average |N'(f)| = E(M2,) is asymptotically 3 times greater than the
minimum possible value of |N(f)].

Remark 2

In average, the construction f @ Indy, where U is n-dimensional affine subspace of F3",
generates %22”+1 bent functions for a given f € Moy,

It is slightly more bent functions than 2°™+1 that are generated by trivial

f ® L, where ( is affine.

This construction uses affine subspaces of F3" whose dimensions are 0, 2n — 1 and 2n.
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The classes N (M) and Mo,



The cardinality of N (M,)

Theorem 6
IN(My)| = 0 and for n > 2 the following holds:

L 2mI20 —1)(27 = 2) s, kg2 2K T20I2K (20 2Ky
N Man)l = (S5 2y + 2u(80) ) Mol
k=3
Corollary 7
’N(M2n)’ 1 on 1 1 (n+1)2-2n
= — > 2.
Mo 182 +9 3'2n_9+2 + C, forn>2
Corollary 8
1.,, 367
IV (May)| = (E22 + §)|M2n| + o(|Man).
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The cardinality of M\zn

Remark/\3
Since [Ma,| =
For instance,

, expressions for [N (Map)| can be used for ]ﬂ2n|.
= (52" + 46330)|M2”’ + o(|Mzql).

2n | Moy ’N(M2n)| | Man| |Ban|
8 0 8 8

2

4 384 512 896 896
6 A 023299 031320 931326 932.337
8

~ 260.250 ~ 269.338 ~ 269.341 ~ 2106.291

We note that
* My =5
o My= B, L
® almost half of bent functions from Bg belong to Mg

By, is the set of all bent functions in 2n variables
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The class M7,



Bounds for M7 |

Let us introduce 95,:

n—1 n—k—1
Doy = Z(Sk) o(n—k)? 9k | o(2n—2k+1)2 H (2" k i)2"’
k=0 i=0

where SX is 2-binomial coefficient:
T 1-2""
k _
o= 1=
i=0
This is the number of all k-dimensional linear subspaces of [F7.
Theorem 9

The following estimations are correct:

S5y Mon| — S,92n < |MF| < S5 | Moy

N. A. Kolomeec, D. A. Bykov On the cardinality of some classes generated by Maiorana—McFarland bent functions 23



Logarithms of the bounds for | M7 | from Theorem 9

2n  log,y(LB of M) loga(UB of [M3,])  logy | M3
2 — 4 5849625007211561 3

4 — 13.7142455176661233 ~9.807

6 — 33.7452574251038300 ~32.337
8 77.8643407121388975 77.8654468090131644 ~77.865

10 176.3659472814000253  176.3659472814000537 ?

12 397.7422108473157323  397.7422108473157323
14 894.9311554368803172  894.9311554368803172

7
?
16 2005.7769476615776512 2005.7769476615776512 7

Classification of Mf was obtained by P. Langevin and A. Polujan (2024).
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Asymptotics of \/\/lfn| and 1,

Proposition 3
The following lower bound is correct: (2" — 1)2232" ' +1on=11 < 9, Also,
Don < 23220 001) for any n > 7. (1)

Moreover, ¥, = 232" ' +20t1n=11(1 _ (1)) and

IME | > 85 (22727 — 232" 2t on=1)) for n > 5,

Corollary 10
The following is correct: |M72¢n| = 8 |Map| — o(2™). Note that

n—1

1 21—2n 2
Sp =2 Hm~3.46-2” for n > 10.
pal
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M-subspaces of the function f € Mi are
M(f) ={L € Aoppn : f is affine on each coset of L}.

They are important for constructing bent functions outside an (A. Polujan, A. Pott,
E. Pasalic et al., 2020 - 2025).

As a rule, the most interesting case is |M(f)| = 1.

Corollary 11
The average value of |M(f)| for f € My, is equal to the following:
1 792n
—_— M(A) =1+ :
Marl 2 MOI=1 5

fEMz,,
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The average |[M(f)|, f € My,

2n  The average |[M(f)| || 2n  The average |M(f)|
2 3 10 1+ 2—46.501079
4 15 12 14 27133.377320
6 8.6 14 14+ 2—341.189209
8 14 2—10.349626 16 14 2—822.845858

Corollary 12

The equality |M(f)| =1 holds for almost all bent functions from Mo, (an) More
precisely, there are at least

| Man| — 92, and |MZ. | — S5 192,

bent functions f € My, and f € M;’; respectively with |[M(f)| = 1.
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The class K/l\fn



The average |N(f)| among f € M% N(ME) and |//\/\lfn\
We estimate the [N (M )| using

EMz,) = Z\

fer,,

Theorem 13

Let n > 5. Then E(MZ) < E(Ma,). Moreover, E(MZ.) = E(Ma,) — o(1).
Conjecture 1 (Informal)

The Maiorana—McFarland class My, has the maximum possible E(M>,) among big
enough classes of bent functions.

Corollary 14
Let n > 5. Then N(ME ) < (E(May) — €2,)|MZ|. In particular,

4 — 4
N(M3,) < (327 +29)| M| and | M| < (32°" +30)| M3 |
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Thank you for your attention!



