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Ââåäåíèå

Ïðèíöèïû Øåííîíà1

1 íàëîæåíèå êëþ÷à,

2 íåëèíåéíîå ïåðåìåøèâàþùåå îòîáðàæåíèå,

3 ðàññåèâàþùåå ïðåîáðàçîâàíèå.
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Çàìå÷àíèå

Ðàññåèâàþùåå ïðåîáðàçîâàíèå â ñîâðåìåííûõ áëî÷íûõ øèôðñèñòåìàõ ÷àùå âñå-
ãî ìîæåò áûòü ïðåäñòàâëåíî â âèäå íåêòîðîé ìàòðèöû, ïðåîáðàçóþùåé äâîè÷íûå
âåêòîðû äîñòàòî÷íî áîëüøîé ðàçìåðíîñòè n (êàê ïðàâèëî, n = 32, 64, 128, ...).

Ðàññåèâàþùèå ñâîéñòâà òàêîé ìàòðèöû ïðèíÿòî îöåíèâàòü ñ ïîìîùüþ êîýô-
ôèöèåíòîâ ðàññåèâàíèÿ ρ è ρ′.

1 Øåííîí Ê. Ðàáîòû ïî òåîðèè èíôîðìàöèè è êèáåðíåòèêå.� Ì.:ÈË, 1963.� 829ñ.
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Îñíîâíûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ
Ïóñòü (e0, e1, ..., en−1) � ñòàíäàðòíûé áàçèñ âåêòîðíîãî ïðîñòðàíñòâà Vn. Îáî-

çíà÷èì ÷åðåç H(s) ïîäïðîñòðàíñòâî âåêòîðíîãî ïðîñòðàíñòâà Vn, ïîðîæäåííîå
âåêòîðàìè e0, ..., es−1:

H(s) = ⟨e0, ..., es−1⟩ < Vn, dimH(s) = s.

×åðåç LH(s)
: H(s) → Vn îáîçíà÷èì îãðàíè÷åíèå ïðåîáðàçîâàíèÿ

L ∈ GL (n, 2) íà ìíîæåñòâî H(s) ⊆ Vn.

Ñèìâîëîì ¾∗¿ îáîçíà÷èì ïðîèçâîëüíûé (íå îïðåäåëåííûé) ýëåìåíò ïîëÿ F2.
Ñ ó÷åòîì åñòåñòâåííîãî ðàâåíñòâà 0 · ∗ = 0 â ïîëå F2, ââåäåì ñëåäóþùåå îïðåäå-
ëåíèå.

Îïðåäåëåíèå 1

Ìàòðèöåé ëèíåéíîãî îòîáðàæåíèÿ LH(s)
áóäåì íàçûâàòü n× n-ìàòðèöó, ïåð-

âûå s ñòðîê êîòîðîé çàäàíû ýëåìåíòàìè F2, îñòàëüíûå ñòðîêè íå îïðåäåëåíû.

Ïðèìåð

Íèæå ïðèâåäåí ïðèìåð 4 × 4-ìàòðèöû íåêîòîðîãî ëèíåéíîãî ïðåîáðàçîâàíèÿ
LH(2)

: H(2) → V4: 1 1 0 1
1 1 1 0
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

 .

Ââèäó âçàèìíî îäíîçíà÷íîãî ñîîòâåòñòâèÿ ìåæäó ìíîæåñòâîì s× n-ìàòðèö
íàä F2 è ìíîæåñòâîì ëèíåéíûõ îòîáðàæåíèé LH(s)

: H(s) → Vn (ïðè ôèêñèðî-

âàííîì áàçèñå), áóäåì ÷åðåç LH(s)
îáîçíà÷àòü êàê ìàòðèöó, òàê è ñîîòâåòñòâóþ-

ùåå åé îòîáðàæåíèå.
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Îñíîâíûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ

Äëÿ âåêòîðà v = (v0, ..., vn−1) ∈ Vn, ïðåîáðàçóåìîãî ìàòðèöåé L ∈ GL (n, 2)
ïî ïðàâèëó v → vL, îïðåäåëèì ðàçáèåíèå íà ïîäâåêòîðû v =

(
v(0), ..., v(d−1)

)
,

v(i) ∈ Vm, i = 0, d− 1, n = m · d.

Îïðåäåëåíèå 2

Êîýôôèöèåíòàìè ðàññåèâàíèÿ ρm
(
LH(s)

)
è ρ′m

(
LH(s)

)
îòîáðàæåíèÿ LH(s)

îò-

íîñèòåëüíî ðàçíîñòíîãî è ëèíåéíîãî ìåòîäîâ êðèïòîãðàôè÷åñêîãî àíàëèçà ñîîò-
âåòñòâåííî íàçûâàþòñÿ ÷èñëà

ρm
(
LH(s)

)
= min

v∈H×
(s)

(
[v] +

[
vLH(s)

])
è

ρ′m

(
LH(s)

)
= ρm

((
LT

)
H(s)

)
= min

v∈H×
(s)

(
[v] +

[
v
(
LT

)
H(s)

])
,

ãäå ÷åðåç [v] îáîçíà÷åí îáîáùåííûé âåñ âåêòîðà v ∈ Vn,

[v] =
∣∣∣{i ∈ 0, d− 1

∣∣v(i) ̸= 0
}∣∣∣ .

Â ñëó÷àå, êîãäà s < n (òî åñòü â ñëó÷àå, êîãäà H(s) ñîáñòâåííîå ïîäìíîæåñòâî

ìíîæåñòâà Vn), âåëè÷èíû ρm
(
LH(s)

)
è ρ′m

(
LH(s)

)
áóäåì òàêæå íàçûâàòü ÷à-

ñòè÷íûìè êîýôôèöèåíòàìè ðàññåèâàíèÿ ïðåîáðàçîâàíèÿ L íà ìíîæåñòâå H(s).
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Îñíîâíûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ

Çàìå÷àíèå

Äëÿ öåïî÷êè ïîäìíîæåñòâ H(1) ⊂ ... ⊂ H(s) ⊂ ... ⊂ H(n) = Vn ñïðàâåäëèâà
öåïî÷êà íåðàâåíñòâ

d+ 1 ≥ ρm
(
LH(1)

)
≥ ... ≥ ρm

(
LH(s)

)
≥ ... ≥ ρm

(
LH(n)

)
≥ 2.

Îïðåäåëåíèå 3

Ïðåîáðàçîâàíèå L ∈ GL (n, 2) íàçûâàåòñÿ ìàêñèìàëüíî ðàññåèâàþùèì, åñëè

ρm (L) = ρ′m (L) = d+ 1.

Äëÿ îòîáðàæåíèÿ LH(s)
: H(s) → Vn è ÷èñëà ρ ∈ {2, ..., d+ 1} îïðåäåëèì

ìíîæåñòâà
P
(
LH(s)

, ρ
)
=

{
v ∈ H(s)

∣∣∣[v] + [
vLH(s)

]
= ρ

}
è

P ′
(
LH(s)

, ρ
)
=

{
v ∈ H(s)

∣∣∣∣[v] + [
v
(
LT

)
H(s)

]
= ρ

}
.

Îïðåäåëåíèå 4

ρm
(
LH(s)

)
è ρ′m

(
LH(s)

)
- ñïåêòðàìè ðàññåèâàíèÿ îòîáðàæåíèÿ

LH(s)
: H(s) → Vn íàçûâàþòñÿ ñîîòâåòñòâåííî óïîðÿäî÷åííûå ìíîæåñòâà

P
(
LH(s)

)
=

{(
ρ,

∣∣∣P (
LH(s)

, ρ
)∣∣∣ |ρ ∈ {2, 3, ..., d+ 1}

)}
è

P ′
(
LH(s)

)
=

{(
ρ,

∣∣∣P ′
(
LH(s)

, ρ
)∣∣∣ |ρ ∈ {2, 3, ..., d+ 1}

)}
.
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Îñíîâíûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ
Ïàðå îòîáðàæåíèé LH(s)

è
(
LT

)
H(s)

ïîñòàâèì âî âçàèìíî îäíîçíà÷íîå ñî-

îòâåòñòâèå ÷àñòè÷íî çàäàííóþ n × n-ìàòðèöó LH(s)
, ïåðâûå s ñòðîê êîòîðîé

ñîâïàäàþò ñ ïåðâûìè s ñòðîêàìè ìàòðèöû ëèíåéíîãî îòîáðàæåíèÿ LH(s)
, ïåð-

âûå s ñòîëáöîâ êîòîðîé ñîâïàäàþò ñ ïåðâûìè s ñòîëáöàìè òðàíñïîíèðîâàííîé
ìàòðèöû ëèíåéíîãî ïðåîáðàçîâàíèÿ

(
LT

)
H(s)

, à îñòàâøèåñÿ (n− s)2 ýëåìåíòîâ

ìàòðèöû LH(s)
íå îïðåäåëåíû.

Ïðèìåð

Íèæå ïðèâåäåíà ÷àñòè÷íî çàäàííàÿ 4× 4-ìàòðèöà LH(2)
, ñîñòàâëåííàÿ èç 2 ïåð-

âûõ ñòðîê ìàòðèöû ëèíåéíîãî ïðåîáðàçîâàíèÿ LH(2)
, LH(2)

(
0, 1

0, 1, 2, 3

)
=(

1 1 0 1
1 1 1 0

)
, è 2 ïåðâûõ ñòîëáöîâ òðàíñïîíèðîâàííîé ìàòðèöû ëèíåéíîãî

ïðåîáðàçîâàíèÿ
(
LT

)
H(2)

,

((
LT

)
H(2)

(
0, 1

0, 1, 2, 3

))T

=

1 1
1 1
1 0
0 1

:

LH(2)
=

1 1 0 1
1 1 1 0
1 0 ∗ ∗
0 1 ∗ ∗

 ,

ãäå ñèìâîëîì ¾∗¿ îáîçíà÷åíû íå îïðåäåëåííûå ýëåìåíòû ìàòðèöû LH(2)
.
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Îñíîâíàÿ èäåÿ àäàïòèðîâàííîãî ñïåêòðàëüíî-ðàññåèâàþùåãî ìåòîäà
Èäåÿ ïîñòðîåíèÿ ìàòðèöû L ∈ GL (n, 2) ñîñòîèò â ïîñëåäîâàòåëüíîì îïðåäå-

ëåíèè äåéñòâèÿ ïðåîáðàçîâàíèé L è LT íà ýëåìåíòàõ êàæäîãî èç ìíîæåñòâ H(s),

s = 1, ..., n, ïóòåì ôèêñàöèè ñòðîê ìàòðèö L è LT (ñòðîê è ñòîëáöîâ ìàòðèöû L)
ñ ïîìîùüþ ñïåöèàëüíûì îáðàçîì âûáèðàåìûõ âåêòîðîâ v ∈ Vn−s+1 è v′ ∈ Vn−s
(ñì. Ðèñ. 1). Â êîíå÷íîì ñ÷åòå, êàê ïðàâèëî, ýòî ïðèâîäèò ê ìàòðèöàì ñ òðåáóå-
ìûìè çíà÷åíèÿìè êîýôôèöèåíòîâ ðàññåèâàíèÿ.

Çàìå÷àíèÿ

1 Ïðåäëàãàåìûé â íàñòîÿùåé ðàáîòå ïîäõîä íàñëåäóåò èäåþ ïðåäëîæåííóþ
â ðàáîòå1.

2 Ïðîáëåìà äîïîëíåíèÿ ÷àñòè÷íî çàäàííîé ìàòðèöû ÿâëÿåòñÿ îäíîé èç êëàñ-
ñè÷åñêèõ ïðîáëåì ëèíåéíîé àëãåáðû2.

Ðèñ. 1.

1 Ìåíÿ÷èõèí À.Â. Àäàïòèðîâàííûé ñïåêòðàëüíî-ðàçíîñòíûé ìåòîä ïîñòðîåíèÿ äèôôå-
ðåíöèàëüíî 4-ðàâíîìåðíûõ êóñî÷íî-ëèíåéíûõ ïîäñòàíîâîê, îðòîìîðôèçìîâ, èíâîëþöèé ïîëÿ
F2n , Äèñêðåòíàÿ ìàòåìàòèêà, 35:2(2023), Ñ. 42-77.

2 Paulsen V.I., Power S. and Smith R.R. Schur products and matrix completions, J. Funct.
Anal., 85(1989), P. 151-178.
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F2n , Äèñêðåòíàÿ ìàòåìàòèêà, 35:2(2023), Ñ. 42-77.

2 Paulsen V.I., Power S. and Smith R.R. Schur products and matrix completions, J. Funct.
Anal., 85(1989), P. 151-178.
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Këàññè÷åñêèå ïîäõîäû ê âû÷èñëåíèþ

÷àñòè÷íûõ êîýôôèöèåíòîâ ðàññåèâàíèÿ ρm

(
LH(s)

)
è ρ′m

(
LH(s)

)
0

...

s − 1

s

...

n − 1

0 ... s − 1 s ... n − 1

LH(s)

(
0, 1, ..., s − 1
0, 1, ..., n − 1

)

((
LT
)
H(s)

(
0, 1, ..., s − 1
0, 1, ..., n − 1

))T

Ðèñ. 2.

Îáîçíà÷èì ÷åðåç t1 òðóäîåìêîñòü âû÷èñëåíèÿ ýëåìåíòîâ ρm
(
LH(s)

)
è

∣∣∣P (
LH(s)

, ρm
(
LH(s)

))∣∣∣ ëèíåéíîãî îòîáðàæåíèÿ LH(s)
: H(s) → Vn, s, n ∈ N,

s < n, ïî îïðåäåëåíèþ 2.

Óòâåðæäåíèå 1

Ïóñòü LH(s)
� ìàòðèöà ëèíåéíîãî îòîáðàæåíèÿ LH(s)

: H(s) → Vn, s, n ∈ N,
1 ≤ s ≤ n, òîãäà

t1 ≤ c12
ssn, ãäå c1 = const. (1)
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Këàññè÷åñêèå ïîäõîäû ê âû÷èñëåíèþ

÷àñòè÷íûõ êîýôôèöèåíòîâ ðàññåèâàíèÿ ρm

(
LH(s)

)
è ρ′m

(
LH(s)

)
0

...

s − 1

s

...

n − 1

0 ... s − 1 s ... n − 1

LH(s+1)

(
0, 1, ..., s
0, 1, ..., n − 1

)

((
LT
)
H(s+1)

(
0, 1, ..., s
0, 1, ..., n − 1

))T

Ðèñ. 3.

Åñëè ïî èçâåñòíûì çíà÷åíèÿì ρm
(
LH(s)

)
è
∣∣∣P (

LH(s)
, ρm

(
LH(s)

))∣∣∣ òðåáóåò-
ñÿ âû÷èñëèòü ýëåìåíòû ρm

(
LH(s+1)

)
è
∣∣∣P (

LH(s+1)
, ρm

(
LH(s+1)

))∣∣∣ ëèíåéíîãî
îòîáðàæåíèÿ LH(s+1)

: H(s+1) → Vn,s, n ∈ N, s ≤ n − 1, òî ñäåëàòü ýòî ìîæíî ñ

íåêîòîðîé òðóäîåìêîñòüþ t2.

Óòâåðæäåíèå 2

Ïóñòü LH(s+1)
� ìàòðèöà ëèíåéíîãî îòîáðàæåíèÿ LH(s+1)

: H(s+1) → Vn,

s, n ∈ N, 1 ≤ s ≤ n− 1, òîãäà
t2 ≤ c22

s (s+ 1)n, ãäå c2 = const. (2)
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Àëãîðèòì, ðåàëèçóþùèé
àäàïòèðîâàííûé ñïåêòðàëüíî-ðàññåèâàþùèé ìåòîä

ρm

(
L′

H(2)

)
< ∆ èëè ρm

((
L′T

)
H(2)

)
< ∆

LH(1)

LH(2)
L′

H(2)
L′′

H(2)

Ðèñ. 4

Òðóäîåìêîñòü t ïîñòðîåíèÿ ìàòðèö L ∈ GL (n, 2) ñ ïîìîùüþ àëãîðèòìà, ðå-
àëèçóþùåãî àäàïòèðîâàííûé ñïåêòðàëüíî-ðàññåèâàþùèé ìåòîä õàðàêòåðèçóåò
ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 3

Åñëè L ∈ GL (n, 2), n,w ∈ N, n ≥ 2, òî äëÿ âåëè÷èíû t ñïðàâåäëèâà îöåíêà

t ≤ cwn22n (logw + 2n+ 5) , ãäå c = const. (3)
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Ïðèìåíåíèå ìåòîäà äëÿ ïîñòðîåíèÿ k-ðåãóëÿðíûõ è (ν, k)-ìàòðèö
Îïðåäåëåíèå 5

Ìàòðèöà L ∈ GL (ν, 2), êàæäàÿ ñòðîêà è êàæäûé ñòîëáåö êîòîðîé ñîäåðæàò ðîâ-
íî k åäèíèö, íàçûâàåòñÿ k-ðåãóëÿðíîé.

Çàìå÷àíèå

Öåëåñîîáðàçíîñòü èñïîëüçîâàíèÿ k - ðåãóëÿðíûõ ìàòðèö L â ñåòÿõ Ôåéñòåëÿ îáó-
ñëîâëåíà òåì, ÷òî ìàòðèöà L−1, îáðàòíàÿ ê L, ìîæåò íèêàê íå èñïîëüçîâàòüñÿ
â ïðîöåññàõ çàøèôðîâàíèÿ è ðàñøèôðîâàíèÿ. Â òàêîì ñëó÷àå, íå íóæíî îáåñïå-
÷èâàòü ýôôåêòèâíóþ ðåàëèçàöèþ ìàòðèöû L−1.

Îïðåäåëåíèå 6

Åñëè L ∈ GL (ν, 2), è êàæäàÿ ñòðîêà è êàæäûé ñòîëáåö ìàòðèö L è L−1 ñîäåðæàò
ðîâíî k åäèíèö, òî L íàçûâàåòñÿ (ν, k)-ìàòðèöåé1,2,3,4.

Çàìå÷àíèå

Ïðÿìàÿ ðåàëèçàöèÿ ëèíåéíîãî ðàññåèâàþùåãî ïðåîáðàçîâàíèÿ L ∈ GL (n, 2)
â XSL-øèôðñèñòåìàõ ïðåäïîëàãàåò ìèíèìèçàöèþ ÷èñëà íåíóëåâûõ ýëåìåíòîâ
êàê â ìàòðèöå L, èñïîëüçóåìîé ïðè çàøèôðîâàíèè, òàê è â îáðàòíîé ìàòðèöå
L−1, èñïîëüçóåìîé ïðè ðàñøèôðîâàíèè.

1 Ìàëûøåâ Ô.Ì., Òàðàêàíîâ Â.Å. Î (v, k)-êîíôèãóðàöèÿõ, Ìàòåìàòè÷åñêèé ñáîðíèê,
192:9(2001), C.85-108.

2 Òðèøèí À.Å. Êëàññèôèêàöèÿ öèðêóëÿíòíûõ (v, 5)-ìàòðèö, Îáîçðåíèå ïðèêëàäíîé è
ïðîìûøëåííîé ìàòåìàòèêè, 11:2(2004), C.258-259.

3 Ôðîëîâ À.À. Êëàññèôèêàöèÿ íåðàçëîæèìûõ àáåëåâûõ (v, 5)-ãðóïï, Äèñêðåòíàÿ ìàòå-
ìàòèêà, 20:1(2008), C.94-108.

4 Êîìÿãèí Ì.Ì. Êëàññèôèêàöèÿ (v, 5)-êîíôèãóðàöèé äëÿ v ≤ 11, Äèñêðåòíàÿ ìàòåìàòè-
êà, 36:1(2024), C.46-66.
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Ïðèìåíåíèå ìåòîäà äëÿ ïîñòðîåíèÿ k-ðåãóëÿðíûõ è (ν, k)-ìàòðèö

Çàìå÷àíèå

Ïîëó÷åííûå â óòâåðæäåíèè 3 îöåíêè òðóäîåìêîñòè íå ïîçâîëÿþò íàïðÿìóþ
ïðèìåíÿòü ïðåäëîæåííûé àëãîðèòì äëÿ ïîñòðîåíèÿ ìàòðèö L ∈ GL (n, 2) ïðè
n ≥ 20. Ñäåëàòü ýòî ìîæíî óñòàíîâèâ ñâÿçü ìåæäó êîýôôèöèåíòîì ðàññåèâàíèÿ
ρm (L) ìàòðèöû L ∈ GL (n, 2) è êîäîâûì ðàññòîÿíèåì χC ëèíåéíîãî êîäà C, çà-
äàâàåìîãî ïîðîæäàþùåé ìàòðèöåé (En×n, Ln×n):

χC = min
α∈C\0

[α] = min
β∈V ×

n (2)

[β · (En×n, Ln×n)] = min
β∈V ×

n (2)

([β] + [β · Ln×n]) = ρm (L)

Êîäîâîå ðàññòîÿíèå χC ìîæåò áûòü âû÷èñëåíî, êàê ãàðàíòèðóåìûé ðàíã ïðîâå-
ðî÷íîé ìàòðèöû

(
LT
n×n, En×n,

)
êîäà C, ò.å. êàê ìèíèìàëüíîå ÷èñëî ñòîëáöîâ,

ÿâëÿþùèõñÿ ëèíåéíî íåçàâèñèìûìè1.

Ïðîâåðêà èíâîëþòèâíîñòè

1 Íå÷àåâ À.À. Êîíå÷íûå ôðîáåíèóñîâû áèìîäóëè â òåîðèè ëèíåéíûõ êîäîâ, Òð. ïî äèñêð.
ìàòåì., 8(2004), C.187-215.
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Ïðèìåíåíèå ìåòîäà äëÿ ïîñòðîåíèÿ k-ðåãóëÿðíûõ è (ν, k)-ìàòðèö

Çàìå÷àíèå

Ïîëó÷åííûå â óòâåðæäåíèè 3 îöåíêè òðóäîåìêîñòè íå ïîçâîëÿþò íàïðÿìóþ
ïðèìåíÿòü ïðåäëîæåííûé àëãîðèòì äëÿ ïîñòðîåíèÿ ìàòðèö L ∈ GL (n, 2) ïðè
n ≥ 20. Ñäåëàòü ýòî ìîæíî óñòàíîâèâ ñâÿçü ìåæäó êîýôôèöèåíòîì ðàññåèâàíèÿ
ρm (L) ìàòðèöû L ∈ GL (n, 2) è êîäîâûì ðàññòîÿíèåì χC ëèíåéíîãî êîäà C, çà-
äàâàåìîãî ïîðîæäàþùåé ìàòðèöåé (En×n, Ln×n):

χC = min
α∈C\0

[α] = min
β∈V ×

n (2)

[β · (En×n, Ln×n)] = min
β∈V ×

n (2)

([β] + [β · Ln×n]) = ρm (L)

Êîäîâîå ðàññòîÿíèå χC ìîæåò áûòü âû÷èñëåíî, êàê ãàðàíòèðóåìûé ðàíã ïðîâå-
ðî÷íîé ìàòðèöû

(
LT
n×n, En×n,

)
êîäà C, ò.å. êàê ìèíèìàëüíîå ÷èñëî ñòîëáöîâ,

ÿâëÿþùèõñÿ ëèíåéíî íåçàâèñèìûìè1.

Ïðîâåðêà èíâîëþòèâíîñòè

1

1 Íå÷àåâ À.À. Êîíå÷íûå ôðîáåíèóñîâû áèìîäóëè â òåîðèè ëèíåéíûõ êîäîâ, Òð. ïî äèñêð.
ìàòåì., 8(2004), C.187-215.
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Ïðèìåíåíèå ìåòîäà äëÿ ïîñòðîåíèÿ k-ðåãóëÿðíûõ è (ν, k)-ìàòðèö

Çàìå÷àíèå

Ïîëó÷åííûå â óòâåðæäåíèè 3 îöåíêè òðóäîåìêîñòè íå ïîçâîëÿþò íàïðÿìóþ
ïðèìåíÿòü ïðåäëîæåííûé àëãîðèòì äëÿ ïîñòðîåíèÿ ìàòðèö L ∈ GL (n, 2) ïðè
n ≥ 20. Ñäåëàòü ýòî ìîæíî óñòàíîâèâ ñâÿçü ìåæäó êîýôôèöèåíòîì ðàññåèâàíèÿ
ρm (L) ìàòðèöû L ∈ GL (n, 2) è êîäîâûì ðàññòîÿíèåì χC ëèíåéíîãî êîäà C, çà-
äàâàåìîãî ïîðîæäàþùåé ìàòðèöåé (En×n, Ln×n):

χC = min
α∈C\0

[α] = min
β∈V ×

n (2)

[β · (En×n, Ln×n)] = min
β∈V ×

n (2)

([β] + [β · Ln×n]) = ρm (L)

Êîäîâîå ðàññòîÿíèå χC ìîæåò áûòü âû÷èñëåíî, êàê ãàðàíòèðóåìûé ðàíã ïðîâå-
ðî÷íîé ìàòðèöû

(
LT
n×n, En×n,

)
êîäà C, ò.å. êàê ìèíèìàëüíîå ÷èñëî ñòîëáöîâ,

ÿâëÿþùèõñÿ ëèíåéíî íåçàâèñèìûìè1.

Ïðîâåðêà èíâîëþòèâíîñòè

1 0

0 1

1 Íå÷àåâ À.À. Êîíå÷íûå ôðîáåíèóñîâû áèìîäóëè â òåîðèè ëèíåéíûõ êîäîâ, Òð. ïî äèñêð.
ìàòåì., 8(2004), C.187-215.
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Ïðèìåíåíèå ìåòîäà äëÿ ïîñòðîåíèÿ k-ðåãóëÿðíûõ è (ν, k)-ìàòðèö

Çàìå÷àíèå

Ïîëó÷åííûå â óòâåðæäåíèè 3 îöåíêè òðóäîåìêîñòè íå ïîçâîëÿþò íàïðÿìóþ
ïðèìåíÿòü ïðåäëîæåííûé àëãîðèòì äëÿ ïîñòðîåíèÿ ìàòðèö L ∈ GL (n, 2) ïðè
n ≥ 20. Ñäåëàòü ýòî ìîæíî óñòàíîâèâ ñâÿçü ìåæäó êîýôôèöèåíòîì ðàññåèâàíèÿ
ρm (L) ìàòðèöû L ∈ GL (n, 2) è êîäîâûì ðàññòîÿíèåì χC ëèíåéíîãî êîäà C, çà-
äàâàåìîãî ïîðîæäàþùåé ìàòðèöåé (En×n, Ln×n):

χC = min
α∈C\0

[α] = min
β∈V ×

n (2)

[β · (En×n, Ln×n)] = min
β∈V ×

n (2)

([β] + [β · Ln×n]) = ρm (L)

Êîäîâîå ðàññòîÿíèå χC ìîæåò áûòü âû÷èñëåíî, êàê ãàðàíòèðóåìûé ðàíã ïðîâå-
ðî÷íîé ìàòðèöû

(
LT
n×n, En×n,

)
êîäà C, ò.å. êàê ìèíèìàëüíîå ÷èñëî ñòîëáöîâ,

ÿâëÿþùèõñÿ ëèíåéíî íåçàâèñèìûìè1.

Ïðîâåðêà èíâîëþòèâíîñòè

1 0

0 1

0

0

0 0 1

1 Íå÷àåâ À.À. Êîíå÷íûå ôðîáåíèóñîâû áèìîäóëè â òåîðèè ëèíåéíûõ êîäîâ, Òð. ïî äèñêð.
ìàòåì., 8(2004), C.187-215.

Ìåíÿ÷èõèí À.Â. Àäàïòèðîâàííûé ñïåêòðàëüíî-ðàññåèâàþùèé ìåòîä 11 / 17



Ïîëó÷åííûå ðåçóëüòàòû.
Ïðèìåðû èíâîëþòèâíûõ (16, 3)-ìàòðèö

L ∈ GL (16, 2) ρ1 (L) |P (L, ρ1 (L))| ρ′1 (L) |P ′ (L, ρ′1 (L))| |FL|

0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0
0 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 1 0 1 0 0 0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 1
0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0
0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 1 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 1 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 1 1 0 0 0 1 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0
0 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0 1 0 0 0


4 56 4 56 256

ρ4 (L) |P (L, ρ4 (L))| ρ′4 (L) |P ′ (L, ρ′4 (L))| |FL|

0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0
0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 1 0 0 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 1
0 1 0 0 0 0 0 0 0 0 1 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0
0 0 0 1 1 0 0 0 0 0 0 1 0 0 0 0


4 60 4 60 256
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Ïîëó÷åííûå ðåçóëüòàòû.
Ïðèìåðû èíâîëþòèâíûõ ñèììåòðè÷íûõ (16, 5)-ìàòðèö

L ∈ GL (16, 2) ρ1 (L) |P (L, ρ1 (L))| ρ′1 (L) |P ′ (L, ρ′1 (L))| |FL|

0 1 0 0 1 1 0 0 0 0 0 1 0 1 0 0
1 0 0 0 0 1 0 0 0 1 0 0 1 1 0 0
0 0 0 0 0 0 0 1 0 1 0 1 0 1 0 1
0 0 0 0 0 0 0 1 0 1 1 0 1 0 1 0
1 0 0 0 0 0 1 0 1 0 1 0 1 0 0 0
1 1 0 0 0 0 1 0 0 0 0 0 0 1 0 1
0 0 0 0 1 1 0 0 1 0 0 0 1 0 1 0
0 0 1 1 0 0 0 0 1 0 1 0 0 0 1 0
0 0 0 0 1 0 1 1 0 0 0 0 1 1 0 0
0 1 1 1 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 1 1 0 0 1 0 0 0 1 0 0 1 0
1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 1
0 1 0 1 1 0 1 0 1 0 0 0 0 0 0 0
1 1 1 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 1 1 0 0 1 0 0 0 0 1
0 0 1 0 0 1 0 0 0 1 0 1 0 0 1 0


6 32 6 32 256

ρ2 (L) |P (L, ρ2 (L))| ρ′2 (L) |P ′ (L, ρ′2 (L))| |FL|

0 0 0 1 1 0 0 0 1 0 1 0 0 0 1 0
0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 1
0 1 1 0 0 0 1 0 0 0 0 1 0 0 0 1
1 0 0 1 0 1 0 0 1 0 0 0 1 0 0 0
1 0 0 0 0 1 1 0 0 0 0 0 0 1 0 1
0 0 0 1 1 0 0 1 0 1 0 0 1 0 0 0
0 0 1 0 1 0 0 1 0 0 0 1 0 0 1 0
0 1 0 0 0 1 1 0 1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 1 0 0 0 0 0 1 1 0
0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 1
1 0 0 0 0 0 0 1 0 0 0 1 1 0 0 1
0 0 1 0 0 0 1 0 0 0 1 0 0 1 1 0
0 0 0 1 0 1 0 0 0 1 1 0 0 1 0 0
0 1 0 0 1 0 0 0 1 0 0 1 1 0 0 0
1 0 0 0 0 0 1 0 1 0 0 1 0 0 1 0
0 1 1 0 1 0 0 0 0 1 1 0 0 0 0 0


6 112 6 112 256
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Ïîëó÷åííûå ðåçóëüòàòû.
Ïðèìåðû èíâîëþòèâíûõ ñèììåòðè÷íûõ (16, 7)-ìàòðèö

L ∈ GL (16, 2) ρ1 (L) |P (L, ρ1 (L))| ρ′1 (L) |P ′ (L, ρ′1 (L))| |FL|

0 0 1 0 1 0 0 1 1 0 0 1 0 1 1 0
0 1 0 1 1 1 1 0 0 0 0 0 1 0 1 0
1 0 1 1 0 0 1 0 0 0 1 1 0 0 0 1
0 1 1 0 0 0 1 0 0 1 1 0 0 1 0 1
1 1 0 0 0 0 0 0 1 1 0 0 1 1 0 1
0 1 0 0 0 1 0 1 1 0 0 0 1 1 1 0
0 1 1 1 0 0 0 1 1 1 0 0 0 1 0 0
1 0 0 0 0 1 1 0 0 1 0 1 0 1 0 1
1 0 0 0 1 1 1 0 0 0 1 1 1 0 0 0
0 0 0 1 1 0 1 1 0 0 1 1 0 0 1 0
0 0 1 1 0 0 0 0 1 1 1 0 1 0 0 1
1 0 1 0 0 0 0 1 1 1 0 0 1 0 1 0
0 1 0 0 1 1 0 0 1 0 1 1 0 0 1 0
1 0 0 1 1 1 1 1 0 0 0 0 0 0 0 1
1 1 0 0 0 1 0 0 0 1 0 1 1 0 1 0
0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 1


8 620 8 620 256



0 0 1 0 1 0 0 1 1 0 0 1 0 1 1 0
0 1 0 0 1 0 1 0 1 1 0 0 1 0 0 1
1 0 0 1 0 0 1 0 0 1 1 1 0 1 0 0
0 0 1 1 0 1 0 0 1 0 0 0 0 1 1 1
1 1 0 0 0 0 1 1 0 0 0 1 0 1 1 0
0 0 0 1 0 1 0 1 0 0 1 0 1 0 1 1
0 1 1 0 1 0 1 1 0 0 0 0 1 1 0 0
1 0 0 0 1 1 1 0 1 1 1 0 0 0 0 0
1 1 0 1 0 0 0 1 0 0 1 1 0 0 0 1
0 1 1 0 0 0 0 1 0 1 1 1 0 1 0 0
0 0 1 0 0 1 0 1 1 1 1 0 0 0 1 0
1 0 1 0 1 0 0 0 1 1 0 0 0 0 1 1
0 1 0 0 0 1 1 0 0 0 0 0 1 1 1 1
1 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0
1 0 0 1 1 1 0 0 0 0 1 1 1 0 0 0
0 1 0 1 0 1 0 0 1 0 0 1 1 0 0 1


8 620 8 620 512

Çàìå÷àíèå

Ïåðâàÿ ìàòðèöà â ïðèâåäåííîé òàáëèöå èìååò àíàëîãè÷íûå ñ ìàòðèöåé àëãî-
ðèòìà ARIA1 çíà÷åíèÿ ïàðàìåòðîâ ρ1 (L), |P (L, ρ1 (L))|, ρ′1 (L),

∣∣P ′ (L, ρ′1 (L))∣∣
è âäâîå ìåíüøåå ÷èñëî íåïîäâèæíûé òî÷åê (256 ïðîòèâ 512 â ìàòðèöå àëãîðèòìà
ARIA1)

1 Kwon D., Kim J., Park S., Sung S.H. et al. New block cipher: Aria, Information Security
and Cryptology � ICISC 2003: 6th International Conference, LNCS, 2971(2004), C.432-445.
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Ïîëó÷åííûå ðåçóëüòàòû.
Ïðèìåðû ñèììåòðè÷íûõ 3-ðåãóëÿðíûõ 16× 16 ìàòðèö

L ∈ GL (16, 2) ρ1 (L) |P (L, ρ1 (L))| ρ′1 (L) |P ′ (L, ρ′1 (L))| |FL|

0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0
0 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 1 1 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1
0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0
1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 1
0 0 1 0 1 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 1 0 1 0
0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 0


4 16 4 16 2

ρ2 (L) |P (L, ρ2 (L))| ρ′2 (L) |P ′ (L, ρ′2 (L))| |FL|

1 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 1 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1
0 0 0 0 0 0 0 1 1 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 1 1 0
0 1 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
1 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0


4 16 4 16 2

Çàìå÷àíèå

Ìàòðèöû â ïðèâåäåííîé òàáëèöå èìåþò ìàêñèìàëüíî âîçìîæíûå â äàííîì
êëàññå ìàòðèö çíà÷åíèÿ ρm (L), ρ′m (L) è ìèíèìàëüíî âîçìîæíûå çíà÷åíèÿ
|P (L, ρm (L))|, |P ′ (L, ρ′m (L))|.
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Ïîëó÷åííûå ðåçóëüòàòû.
Ïðèìåð ñèììåòðè÷íîé 3-ðåãóëÿðíîé 32× 32 ìàòðèöû

L ∈ GL (32, 2) ρ8 (L) |P (L, ρ8 (L))| ρ′8 (L) |P ′ (L, ρ′8 (L))| |FL|

1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0



4 88 4 88 4
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Âûâîäû

1 Ìåòîä ýôôåêòèâåí ïðè ïîñòðîåíèè k-ðåãóëÿðíûõ ìàòðèö ðàçìåðà ν × ν
(ν ∈ {16, 32, 64}, k ∈ {3, 5}) è èíâîëþòèâíûõ (ν, k)-ìàòðèö (ν ≤ 32,
k ∈ {3, 5, 7}) ñ ìàêñèìàëüíî âîçìîæíûìè çíà÷åíèÿìè êîýôôèöèåíòîâ ðàñ-
ñåèâàíèÿ.

2 Ìåòîä ïîçâîëÿåò ñòðîèòü k-ðåãóëÿðíûå è (ν, k)-ìàòðèöû ñ ìàêñèìàëüíî âîç-
ìîæíûìè çíà÷åíèÿìè êîýôôèöèåíòîâ ðàññåèâàíèÿ èç ðàçëè÷íûõ êëàññîâ
êîìáèíàòîðíîé ýêâèâàëåíòíîñòè.

3 Â ðÿäå ñëó÷àåâ ìåòîä ïîçâîëÿåò ñòðîèòü k-ðåãóëÿðíûå ìàòðèöû
ñ ìàêñèìàëüíî âîçìîæíûìè çíà÷åíèÿìè êîýôôèöèåíòîâ ðàññåèâàíèÿ
ρm (L), ρ′m (L) è ìèíèìàëüíî âîçìîæíûìè çíà÷åíèÿìè |P (L, ρm (L))|,
|P ′ (L, ρ′m (L))|.
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